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A preliminary transformation of coordinates to bring the equation into 
a form amenable to finite-difference methods is examined in relation 
to the heat conduction equation with a singularity in the boundary con- 
ditiom. 

To a s s e s s  the accu racy  of f i n i t e -d i f f e rence  approx-  
ima t ions ,  the usua l  c r i t e r i o n  is  the smoothness  of so-  
lu t ions  of the equat ion [1]. In the case  of d i scon t inu i t i e s  
in the solut ion or  i ts  de r iva t ives ,  it  is  n e c e s s a r y  to 
go e i ther  to a very  f ine mesh ,  o r  to va r ious  methods  
of e l imina t ing  the s i ngu l a r i t i e s  such as that.  for  ex-  
ample ,  of Volkov [2-4] .  In some cases  i t  is impos -  
s ib le  to use  a t r a n s f o r m a t i o n  of coord ina tes  such that 
the solut ion becomes  smooth enough in the new coor -  
d ina tes .  

We will  examine  pa rabo l i c  equat ions of the type 

0 < x < X ,  x > 0 ,  (1) 

for which the p rob lem is posed with i ncons i s t en t  i n i -  
t ia l  and boundary  condit ions of the type 

ul~=o = 0; 

u Ix=o = to (~); 

u l~=x = O. (2) 

The smoothness  of the solut ion c lose  to x = O, r = 0 
is  d i s tu rbed  depending on which of the quant i t ies  

d~to I ,l~=+ ~ is the f i r s t  to be nonzero .  
d Tn 

We will  f i r s t  study the case  when C and ~ do not  
van ish  at the point  (0, 0), and a r e  quite smooth.  Then 
we may obtain in the f i r s t  approx imat ion  for  u the 

exp res s ion  to(0)erfc k ~ / "  The fo rm of the f i r s t  

t e r m  for  the asympto t ic  behav io r  of u a t  sma l l  ~ and 
x sugges ts  in t roduct ion  of the new independent  v a r i -  
able  ~ = x/(1-)i/z; as a second approximat ion ,  to p r e -  
s e rve  parabol ic i ty ,  we may put ?7 = ~-. In the new in-  
dependent  v a r i a b l e s ,  Eq. (1) takes  the f o r m  

~lC du 0 (Z Ou ) 1 Ou ., 

where  the dependence of ~ and C on the independent  
va r i ab l e s  is allowed for .  In view of the fact  that T = 
= 7, x = ~(7) i/2, a s ingu la r  d i s tu rbance  of the smooth-  
n e s s  of the coeff ic ients  occurs  only at  sma l l  ~ (smooth-  

ne s s  with r e s p e c t  to 7 is disturbed}.  Equat ion (3} has 
a s ingu la r i ty  at 7 = 0, and the condit ion when 7 --- +0 

should not be  imposed,  s ince  the behav io r  of the solu-  
t ion when 7 = 0 is  de t e rmined  complete ly  by the quan-  
t i ty q0(+0). The reg ion  of va r i a t i on  Of the independent  
v a r i a b l e s  wil l  now be 7 > 0, 0 < ~ < X/(T)i/2; because  
of the rap id  fal l  of u with i n c r e a s e  of ~ we may  r e -  
s t r i c t  examina t ion  at  sma l l  7/to the reg ion  0 < ~ < .o. 
F o r  Eq .  (3), unde r  the condit ion 

u ]~=0 = t o 0]) (4) 

the solut ion c lose  to the ~ axis  will  be  no l e s s  smooth 
than  ~0; mor e ove r ,  n e a r  th i s  axis  the so lu t ion  wi l l  r e -  
peat  the power f ea tu r e s  of ~0 at  7 ~ 0. At va lues  of k 
and C noncons tan t  with r e s p e c t  to x the re  is  a d i s -  
t u rbance  of the smoothness  of these  quant i t i es  with 
r e s p e c t  to 7, s ince  smoothness  only with r e s p e c t  to 
(7) 1/z is  p r e s e r v e d ;  the l a t t e r  a lso holds for  the so-  
lut ion.  

In the cons t ruc t ion  of the f in i t e -d i f f e rence  s cheme  
for  (3) a s ingu la r i t y  a r i s e s  n e a r  ~? ~ 0, s ince  the equa-  
t ion is  degene ra t  e the re .  As has been  pointed out 
above,  at 7 = +0 one should solve the p rob lem s imply  
with r e s p e c t  to ~, without taking account  of 7 at  va l -  
ues c lose  to zero .  The usual  cons ide ra t ions  that  ap-  
ply in cons t ruc t ing  a scheme  that  approx imates  to 
the lef t  and r ight  s ides  of (3) with suff ic ient  a ccu racy  
a r e  not  appl icable ,  s ince  n e a r  7 = 0 the solut ion is  
smooth not  with r e spe c t  to ~, 7, bu t  only with r e -  
spect  to ~, (7) 1/z. It is  u n d e s i r a b l e  to make  the t r a n s -  
fo rma t ion  7 ~ (7) i/2, s ince  it  is convenient  to p r e s e r v e  
the un i fo rmi ty  of the net  with r e g a r d  to ~? = T, with the 
objec t  of l inking  the solut ion l a t e r  with desc r ip t ion  of 
the p r oc e s s  outs ide the local  d i s tu rbance  of smooth-  
ne s s .  

In accordance with the asymptotic form of the so- 

lution, in formulating the finite-difference scheme in 
the variables ~, 7, we should take account of smooth- 

ness with respect to ~ and of the near exponential be- 
havior with respect to 7?. Because of the smoothness 
with r e s p e c t  to ~ and 0/) i/z, i t  is na tu ra l  to take ap-  
p rox imat ions  to the d i f fe ren t ia l  exp re s s ions  of the 
o r d i n a r y  fo rm with r e spe c t  to ~, and to c a r r y  out an 
approx imat ion  to d i f fe ren t ia t ion  with r e spe c t  to 7 in 
such a way that it  is exact  for  the asympto t ic  solut ion 
for  7 ~ 0, while going over  to the usua l  r e l a t ions  at  

l a rge  ~1. 
We will  examine  a s ix -po in t  scheme approx imat ing  

to (3). We wil l  f i r s t  cons ide r  the case  of cons tan t  co-  
ef f ic ients ,  bu t  a s s u m e  that to (3) we may add a heat  
sou rce  which, be ing  smooth in the va r i a b l e s  x, T, will  
be  smooth with r e spe c t  to the va r i ab l e s  ~, (~)i/2. In 
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p a r t i c u l a r ,  we m a y  thus take  account  of the dev ia t i on  
of X and C f r o m  cons tancy ,  i . e . ,  f r o m  t h e i r  va lues  at  
4 = 0, 7/= 0, inc luding  n o n l i n e a r  p r o b l e m s .  We a s s u m e  
be low tha t  Eq.  (I)  i s  r e d u c e d  by  choice  of s c a l e s  to a 
f o r m  such that  M0, 0) = C(0, 0) = 1. 

Under  the  homogeneous  condi t ions  (4) t h e r e  a r e  s o -  
lu t ions  fo r  (3) which behave  as  ~?-k/2, k = 1, 3 . . . . .  
and c o r r e s p o n d  to an o r d i n a r y  B o u s s i n e s q  expans ion ,  
b e i n g  unbounded when 7 / ~  +0. They c h a r a c t e r i z e  the  
fa l l  in the inf luence  of a loca l  d i s t u r b a n c e  in the v i c in -  
i ty  of 77 = 0, s i nce  a long with such so lu t ions  i s  ex -  
p r e s s e d  the so lu t ion  of the p r o b l e m  (1)- (4)  f o r  V ex -  
ceed ing  the second  coo rd ina t e  of the s o u r c e  c a r r i e r s .  
The g e n e r a l  so lu t ion  i s  ob ta ined  by  s u p e r p o s i t i o n  of 
such expans ions .  We wi l l  suppose  that,  b e c a u s e  of 
s m o o t h n e s s  of a l l  the  quan t i t i e s ,  the a p p r o x i m a t i o n  
to the d i f f e r e n t i a l  o p e r a t o r  with r e s p e c t  to ~ on the 
r i gh t  s ide  of (3) does  not  p roduce  d i f f i cu l t i e s ,  and 
l e a d s  to a su f f i c ien t ly  a c c u r a t e  a p p r o x i m a t i o n  fo r  each  
~, so that  i t  m a y  be  c o n s i d e r e d  tha t  Eq. (3), a p p r o x i -  
m a t e d  by  the method  of l i nes ,  has  been  so lved .  F u r -  
t h e r  a p p r o x i m a t i o n  r e d u c e s  to su f f i c ien t ly  a c c u r a t e  
r e p l a c e m e n t  of th is  s y s t e m  of d i f f e r e n t i a l  equat ions  
with r e s p e c t  to ~/by d i f f e r ence  e x p r e s s i o n s  with r e -  
s p e c t  to ~. The a p p r o x i m a t i o n  r e l a t i o n  f o r  a f i r s t -  
o r d e r  s y s t e m  with unknown v e c t o r  funct ions  is  

0u 

c a =  {qu,.], (5) 

w h e r e  L~ i s  a d i f f e r e n c e  a p p r o x i m a t i o n  to the  r igh t  
s ide  of (3), and h = { h i } ,  ~ = {ui} a r e  va lues  of h and 
u a t  c e r t a i n  chosen  nodes  with r e s p e c t  to ~. The d e -  
pendence  of the  so lu t ion  on ~/, a s  has  been  expla ined ,  
i s  d e s c r i b e d  fo r  s m a l l  ~? by  s e m i i n t e g r a l  p o w e r s  of ~. 
The ze ro  p o w e r  c o r r e s p o n d s  to b r eakdown  of the 
b o u n d a r y  va lue  u [,=0 ~ 0. The inf luence  of  e x t r a n e o u s  
c i r c u m s t a n c e s  of the type of n o n l i n e a r i t y  of the  p r o b -  
l e m ,  the l a c k  of cons tancy  of X and C is  accounted  fo r  
b y  the p o w e r  +1/2 ,  and the inf luence  of a t t enua t ion  of  
l oca l  d i s t u r b a n c e s  wi l l  be  d e s c r i b e d  by  nega t ive  pow- 
e r s ,  of which the f i r s t ,  i . e . ,  - 1 / 2 ,  should be  taken .  

F o r  (5) we c o n s t r u c t  a s c h e m e  of the type  

w h e r e  by  ~j, hj we u n d e r s t a n d  the va lue  of the  v e c t o r s  
and h a t  the  po in ts  ~/= j l  (l i s  the m e s h  s i z e  with r e -  

s p e c t  to 7/). We a s s u m e  that  i t  m u s t  be  a c c u r a t e  fo r  
so lu t ions  of the type ind ica t ed  above  when h -- 0. These  
so lu t ions  have  the f o r m  ~?ceg~, w h e r e  u~ s a t i s f i e s  the 
equat ion L~gc~ -- ~fi~,  i t  not  be ing  a s s u m e d  that  the 
homogeneous  boundary  condi t ion  is fu l f i l led  when 4 = 
= 0. Indeed,  on the coef f i c ien t s  (6) we i m p o s e  the  con-  
d i t ions  (C = cons t )  

a i + b] = O, 

1 ~'2 I 

1 d/~lT~(2 " 1 = 0  ' ajq~U2 @ b ]  ]].t-~ll 2 - -  C/n] -1'2" -~- - -  ~ -  

T h e s e  equat ions  d e t e r m i n e  aj ,  bj ,  c j ,  dj to an a c c u -  
r a c y  up to a g e n e r a l  m u l t i p l i e r  which p l a y s  no p a r t  
when h = 0. We m a y  choose  i t  in such  a way that  we 
have 

1 it~2 + ( j _ _ l ) l / 2  
a I == - -  b i = - -  

2 ] ~ / 2 _ ( j _ 1 ) ~ / 2  

1 
c i ---- d i = _ _  . 

2 

When ~? ~ ~ this  s c h e m e  goes  o v e r  to the s y m m e t r i c a l  
i m p l i c i t  s c h e m e  of [1]. We have the two coef f i c ien t s  
e j ,  ~ to t ake  into account  the inf luence  of h, and they 
m u s t  be  d e t e r m i n e d  by  a s s i g n i n g  the f o r m  of h, a s  
d e t e r m i n e d  f r o m  the condi t ions  of the o r i g i n a l  p r o b -  
l em .  Quite f r equen t ly ,  in p a r t i c u l a r ,  h wil l  have  the 
f o r m  .~a u~. 

In sp i t e  of ou r  having  r e d u c e d  the p r o b l e m  of de -  
t e r m i n i n g  the s i n g u l a r i t i e s  of the so lu t ion  to the usua l  
f i n i t e - d i f f e r e n c e  f o r m ,  the bounda ry  with r e s p e c t  to 
4 w h e r e  the equat ions  a r e  b e i n g  e x a m i n e d  i s  v e r y  
l a r g e  (X/(z)I /2) .  In v iew,  however ,  of the r a p i d  d e -  
c r e a s e  in a d i s t u r b a n c e  due to a s i n g u l a r i t y  a t  the 
boundary ,  the  b e h a v i o r  wi l l  only be  a p p r e c i a b l e  in 
a c e r t a i n  r eg ion ,  depending  on the r e q u i r e d  a c c u r a c y  
of the c a l c u l a t i o n s .  We m a y  d e t e r m i n e  the bounda ry  
of th is  r eg ion  on the b a s i s  of the  u p p e r  bound so lu t ion  
u0 = M e r fc  (~/2) ,  i . e . ,  we take  the r eg ion  to be  0 < 
< 4 < ~0, w h e r e  ~0 i s  a roo t  of the equat ion u0(~) = e, 
and e is  the  r e q u i r e d  a c c u r a c y .  F o r  s m a l l  e the u se  
of the a s y m p t o t e  g ives  the  e s t i m a t e  40 -~ ~o(e) ln~/2(1/e) 
fo r  ~0, whe re  ~0(e) i s  bounded above  and be low by  pos -  
i t ive  cons t an t s .  At  the b o u n d a r y  4 = ~0 we m a y  i m -  
pose  a condi t ion  of the f i r s t  kind.  If we change o v e r  

( to condi t ions  of the th i rd  kind,  u + e = 0, 

then by  r e q u i r i n g  that  the s t a n d a r d  so lu t ion ,  which is  
the m a i n  t e r m  of the  a s y m p t o t e  f o r  the exac t  so lu t ion ,  
e. g . ,  e r f c  (4/2) ,  s a t i s f i e s  th is  condi t ion,  we f ind c~. 
A so lu t ion  d i f f e r en t  f r o m  the s t a n d a r d  wil l  not  s a t i s f y  
th is  b o u n d a r y  condi t ion ,  and to e s t i m a t e  the e r r o r  in 
the  so lu t ion  we m a y  u s e  the value  of the d i s c r e p a n c y  
when the m i n o r  t e r m  of the  a s y m p t o t e  of the so lu t ion  
is  put  into the b o u n d a r y  condi t ion .  D i r e c t  ca l cu l a t i on  
shows that  in an exac t  t r e a t m e n t  we m a y  u n d e r e s t i m a t e  
somewha t  the  va lue  of ~0 with the given a c c u r a c y .  

We wil l  examine  the ques t ion  of jo in ing  the so lu t ion  
n e a r  a s i n g u l a r i t y  with the so lu t ion  ou t s ide  the  r eg ion  
~2 07 >- 0, 0 _< ~ _< 40). Le t  the so lu t ion  ou t s ide  th is  r e -  
gion be found by  the u se  of s t a n d a r d  s i x - p o i n t  s c h e m e s ,  
taking account  only of equat ions  fo r  which a l l  s ix  poin ts  
l i e  ou t s ide  the s e l f - s i m i l a r  r eg ion .  At the b o u n d a r i e s  
of the r e g i o n s ,  in an exac t  d i f f e r e n t i a l  p r o b l e m ,  we 
m u s t  a s s i g n  condi t ions  of  the  four th  k ind .  We wi l l  d e -  
s c r i b e  how t h e s e  cond i t ions  m a y  be t aken  into account  
in compos ing  the f i n i t e - d i f f e r e n c e  equat ions .  

Let  t h e r e  be  a n o n s e l f - s i m i l a r  ne t  with m e s h  s i z e s  
hi and l l  = l ,  x I = ihl ,  r j  = lj ou t s ide  r eg ion  ~; if a l l  
the s ix  poin ts  e n t e r i n g  into a c e r t a i n  f i n i t e - d i f f e r e n c e  
equat ion a r e  not conta ined in ~ ,  this  equat ion i s  taken 
into account .  If of the s ix  points  (ij) ,  (i :e l~ j ) ,  ( i , j  - 1), 
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(i ~ 1, j  - 1) only the point (i - 1,j)  of the f i r s t  th ree  
fa l ls  ins ide  12, we proceed as follows. An equation is  
taken for  these  s ix points ,  the point  (i - 1 ,  j ) be i ng  con-  
s ide red  f ic t i t ious ,  i .e . ,  the value of u at that point does 
not  en t e r  into the f inal  desc r ip t ion  of the field ofu.  Ac-  
cording  to the points (i, j) ,  (i • 1, j) we cons t ruc t  an in -  
te rpola t ion  polynomial  on the l ine  r = j l .  Then an equa-  
t ion is taken in ~ which conta ins  the three  points c loses t  
to ~ with r e spec t  to 4, points with ~? = j l, 7/ = (j - 1) l. 
Then equat ing values  of u a t  the two points  c loses t  to 40 
with ~? = r = jl  in ~ to the i r  values  obtained f r o m  the 
in te rpola t ion  polynomial  in the n o n s e l f - s i m i l a r  net,  
we may  exclude f r o m  the four r e l a t ions  obtained the 
value of u at the point  (i - 1 , j ) ,  as  well as the va lues  
at  the two points  of the net  n e a r e s t  to 40. Then of the 
s ix unknown quant i t ies  with r = ~ = jl  there  r e m a i n  
only three ,  i . e . ,  in the n o n s e l f - s i m i l a r  net,  the va l -  
ues  of u at  the points  ( i , j )  and (i + 1, j) ,  and in the 
s e l f - s i m i l a r  one- - the  value of u at  the th i rd  point  of 
the s e l f - s i m i l a r  net  f rom the boundary  ~ = ~0. These 
th ree  values  a r e  connected by one re la t ion ,  into which 
en te r  a lso  the values  when r = ~ = (j - D / ,  poss ib ly  at  
f ic t i t ious  points .  We will  cons ide r  the va lues  of the 
quant i t ies  in both nets  at  (j - 1) to be  a l ready  known, 
in accordance  with the parabol ic  n a t u r e  of the p rob-  
lem,  and in the event  of it  be ing  imposs ib le  to use  the 
quant i t ies  u at  the f ic t i t ious  points ,  these  va lues  a r e  
r ecove red  f rom the compat ib i l i ty  condi t ions .  

If m o r e  than one point  in the n o n s e l f - s i m i l a r  net  
with r = j l  fa l l s  in ~ for  ce r t a in  equat ions ,  then the 
pe r t i ne n t  opera t ion  is  not c a r r i e d  out, and the equa-  
t ions  a r e  not  taken into account .  Of the equat ions  in 
~l we take account  only of those which do not  conta in  
va lues  of u a t  the excluded points .  Thus,  fo r  each j 
we have, for  de t e r mi na t i on  of u, a s y s t e m  of equa-  
t ions  with a t r id iagonal  ma t r ix ,  whose solut ion does 
not p r e s e n t  specia l  d i f f icul t ies .  

We note that analogous opera t ions  may also be 
pe r fo rmed  to e l imina te  s ingu la r i t i e s  of any specif ic  
fo rm,  if we iut roduce a new sys t em of coord ina tes  
such that the m a i n  pa r t  of the s ingu la r i ty  wil l  be  a 
smooth funct ion of these  coord ina tes .  
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